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Nomenclature

a = acceleration
k = arbitrary gain constant
kd = linear derivative gain
kp = linear proportional gain
t = time
u = applied control
x = radial distance
xm = average radial distance
y = along-track distance
ym = average along-track distance
z = cross-track distance
! = mean motion

I. Introduction

M AINTAINING two spacecraft in a formation with a
conventional fuel-based propulsion system could be

challenging in its own right. But this problem becomes more
difficult when the propulsion system has limited capabilities or
control actuation is available in only one or two axes and time-
optimal and fuel-optimal control is desired. Fortunately, for the
spacecraft relative motion problem, because the relative equations of
motion are coupled, motion in more than one direction can be
controlled by control actuation in only one direction. In this Note, we
formulate a hybrid linear/nonlinear controller that can efficiently
maneuver a spacecraft formation by applying control only in the
along-track direction. We also assume that the available control is
very small in magnitude. This type of problem could be anticipated
when dealing with low-thrust systems such as plasma thrusters,
control with differential drag or solar radiation pressure, or any other
system with very-low-thrust capability.

One of the very early papers on underactuated control of a
spacecraft formation with low-thrust capability by Leonard [1]
presented an elegant algorithm to control a formation with only

differential drag (assumed to be a constant and acting only in the
along-track direction). Although the derived control was proven to
be time-optimal control, it was not fuel-optimal. This was because
differential drag was assumed to be a free resource with no need to
economize it. However, for a spacecraft relying on expendables for
control (plasmic thrusters), fuel economy would be highly desired.

Some of the recent papers on this topic [2,3] also address the
problem of spacecraft formation control with limited resources. The
idea is to use linear or nonlinear controllers with a saturation
function. The resultant controllers are robust and globally stable but
not time-optimal. In the applied control field, the problem to control
less frequently andmore efficiently ismore often an issue and elegant
solutions exist for the same problem [4,5]. In this Note, we borrow
some ideas discussed from [1,5] and apply them to the spacecraft
formation-control problem. The result is a time-optimal controller
that is easy to implement for underactuated formation control with
limited resources. Although the controller is not proven to be fuel-
optimal, it is shown to consume less fuel than a conventional time-
optimal or a linear robust controller.

II. Derivation of System Equations

A convenient approach for satellites in formation is to use a
Cartesian rotating coordinate system with the origin of the reference
frame attached to a leader satellite moving in a reference orbit, as
shown in Fig. 1. Here, the x axis is oriented in the radial direction
pointing away from the Earth, the z axis is pointed parallel to the
angularmomentumvector, and the y axis completes the right-handed
coordinate system. In the case of a circular reference orbit, the y axis
is parallel to the velocity vector of the leader satellite.

Note that the coordinate system will be rotating with a constant
angular velocity equal to the mean motion ! for a circular reference
orbit. The Hill–Clohessy–Wiltshire (HCW) equations that describe
the relative motion are given as [6]

�x � 2! _y � 3!2x� ax (1)

�y� 2! _x� ay (2)

�z� !2z� az (3)

The equations for the unforced positions and accelerations, in terms
of initial conditions and accelerations, are given next in state variable
form:
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The solution to the HCW equations for a constant applied force can
be found by using the method of variation of constants [7]:
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and dax andday are the differential accelerations in the radial and the
along-track directions.

Assuming dax and daz � 0, and denoting day as u (the applied
control) in Eq. (5) and evaluating it gives
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From Eqs. (7) and (8) it can be seen that the average value of x over
time is
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and that the average value of y over time is
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It can be noted from Eq. (7) that
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and from Eq. (10) that
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Summing and combining the terms of Eqs. (13) and (14) gives
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Similarly, it can be noted from Eq. (8) that
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and from Eq. (9) that
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Adding Eqs. (16) and (17) gives
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Combining Eqs. (11) and (15) gives the average value for x:

xm � 4x� 2_y

!
(19)

Similarly combining Eqs. (12) and (18) gives the average value of y:

ym � y �
2_x

!
(20)

It can be seen fromEqs. (19) and (20) that the average values of x and
y can be calculated from the instantaneous relative positions and
velocities. With the average values for x and y known, � is defined as
the difference between the actual position x and the average position
xm for that point of time,

�� x � xm (21)

and � is defined as the difference between the actual position y and
the average position ym for that point of time:

�� y � ym (22)

This definition of actual, average, and the difference is better
illustrated in Fig. 2.

Fig. 1 Hill’s frame of reference.

Fig. 2 Illustration of actual and average positions.
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Rearranging Eq. (21) and substituting it in Eq. (19) gives

���3x � 2
_y

!
(23)

Similarly rearranging Eq. (22) and substituting it in Eq. (20) gives

�� 2_x

!
(24)

Rearranging and differentiating Eq. (22) in terms of ym twice gives

�y m � �y � �� (25)

Now substituting Eq. (2) in Eq. (25) and denoting u as the applied
control gives

�y m � ��� u � !2� (26)

Differentiating Eq. (24) twice,
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Differentiating Eq. (1) and substituting in for the value of x
:::
gives

��� 4 �y� 6! _x (28)

Now differentiating Eq. (24) and substituting the value of _x in
Eq. (28) yields

��� �y� 3u (29)

Equation (29) can be rewritten in terms of ym as

�y m ��3u (30)

Noting that _ym is coupled with x as

_y m ��
3xm!

2
(31)

will drive states ym and xm to the origin by driving ym and _ym to the
origin using system equation (30).

The use of average values of the relative states for control is a
significant step in reducing the complexity of the time- and fuel-
optimal control problems. This is due to the fact that only the secular
part of the relative motion is controlled and any cyclic part caused by
perturbations such as J2 is ignored, thereby reducing unwanted
control actuation and fuel expenditure. The practical realization of
the average values is not difficult with an implementation of a low-
pass filter.

III. Hybrid Linear/Nonlinear Time-Optimal
Control Law

The double-integrator plant represented as Eq. (30) can be written
in the state space form as

�y� � _y1
_y2

� �
� 0 1

0 0
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ym
_ym

� �
� 0

�3

� �
u (32)

where y1 � ym and y2 � _y1.
The preceding system is inherently unstable because a bounded

control input could produce an unbounded output. The open-loop
transfer function has a pair of poles at the origin, s� 0, of the
complex plane. The time-optimal discontinuous bang–bang
controller for the preceding system can be derived using
Pontryagin’s minimum principle and is given as [8]

U1�y� �
�
umax�ym � S1;2� if ym � S1;2 ≠ 0

umaxsgn� _ym� if ym � S1;2 � 0
(33)

where

S1;2 �
j _ymj _ym
6umax

(34)

We make the preceding control law linear near the origin and
nonlinear away from the origin by using a method as discussed in [5]

The control law given in Eq. (33) can be made continuous by
modifying it as

U2�y� � satfkp�ym � S1;2�g (35)

We will name kp as the proportional gain constant. The saturation
function is defined as

sat ��� �

8<
:
�umax if � � �1
� if j�j< 1

�umax if � 	 �1

9=
; (36)

When _ym is close to zero and jkpymj< 1, the control becomes
U2�x� � kpym. Substituting this in Eq. (30), we see that

�y m � 3kpym � 0 (37)

Adding a rate term to the control equation helps to add some damping
to the system, especially when y 
 0:

U3�x� � kpym � kd _ym (38)

Ideally, we want to have a time-optimal control law that is a
combination of nonlinear switching far from the origin and a linear
controller near the origin. The two conditions could be satisfied if we
modify the control law equation (35) to

U4�y� � sat

�
kp�ym � S1;2� � ksat

�
kd _ym
k

��
(39)

where k is an arbitrary constant.
Ideally, k should be small enough to make U4�y� 
U2�y�, when

kd _ym=k > 1 and ym and _ym are not close to the origin. For
kd _ym=k < 1, then U4�y� 
U3�y�. The linear gains kp and kd can be
chosen by using one of the standard gain selection techniques such as
the pole-placement method or linear robust designmethodology. For
positive linear gains kp and kd, the controller is shown to be globally
stable in [5].

IV. Controller Performance and Validation

In this section, the control performance of the three different
controllers [namely, the time-optimal bang–bang controller, the
linear saturated controller, and the hybrid controller (Eqs. (33), (38),
and (39), respectively)] are compared and validated. The linear gains
for the linear and the hybrid controller were selected based on the
pole-placement method, as shown here.

Substitution of Eq. (38) in Eq. (32) yields
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Simplification of Eq. (40) yields
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The characteristic equation is given by

D�s� � det�sI � A� (42)

where

A� 0 1

�3kp �3kd

� �
(43)

D�s� � s2 � 3kds� 3kp (44)
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From Eq. (44), it can be seen that it is possible to choose the linear
gains kp and kd > 0 such that the roots are negative. As an example, if
the roots were desired to be s��2 and �3, then kp � 2 and
kd � 5=3. The error responses of the three different control laws (33),
(38), and (39) and their corresponding control usage are plotted and
shown in Fig. 3 for the following initial conditions: ym � 1000,
_ym � 0, kp � 2, kd � 5=3, k� 0:2, and �1 	 u 	 1.
The control usage of the hybrid controller can be seen to be the

least of the three controllers. Similarly, the transient time is almost
similar to that of the time-optimal bang–bang controller with only
little difference near the origin due to the operation of the controller

as a linear system with the rapidly diminishing effect of the _ymj _ymj
term. Clearly, the hybrid controller excels over the time-optimal
bang–bang in terms of control usage and the linear controller
saturated in terms of response time.

V. Conclusions

Ahybrid linear/nonlinear controller was formulated that combines
the efficacies of linear control and time-optimal bang–bang control
methodologies to efficiently maneuver spacecraft in formation. The
system equations are formulated based on the time-averaged values
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Fig. 3 Error response and control history of the following controllers in order: saturated linear, time-optimal bang–bang, and time-optimal hybrid

linear/nonlinear.
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of the relative coordinates rather than their instantaneous values. This
formulation is very appropriate for low-thrust fuel-optimal problems
in which unwanted fuel actuation on cyclic disturbances is to be
minimized. The resultant system equation is a double-integrator
system with the control variable only in the along-track direction of
motion. The control equation requires the feedback information of
only two parameters: namely, the average along-track position and
the rate to drive the along-track and radial positions and rates to the
origin. The error responses and the time histories of the hybrid linear/
nonlinear control law are compared with those of the linear saturated
control law and time-optimal bang–bang control law. The overall
performance of the formulated hybrid linear/nonlinear control law is
shown to be better in terms of control usage and transient time. The
hybrid controller presented in this Note will be used as one of the
formation maneuvering controllers in the upcoming JC2SAT
mission [9].
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